In this work, we present an application of a mathematical model structured in classes (see [1] ) for the study of the influence of population ageing in the evolution of the number of students in elementary school and in secondary school in Portugal, from 1995/96 to 2014/15 (see [2] ). Based on historical data, some scenarios of projection are presented, with the aim of quantifying the young student population and its relation with the structure of the population age for the next school years in Portugal (from 2016/2017 to 2020/2021), in the various study cycles. Furthermore, we make a comparative analysis between the projection results presented here and in references [3] and [4] . The dynamic of the model comprises two stages: the first one represents the flow of students that go from one school year to the next, as well as the flow of students that enter or leave the educational system in a certain cycle of studies. The second stage represents the flow of students that go to the next cycle of studies. The simulations were done using Matlab.
Introduction
The Portuguese Educational System comprises pre-elementary, elementary, secondary and higher education. Elementary schooling corresponds to compulsory education, incorporating the applicable criteria that follow; it lasts nine years (from 1 st to 9 th grade), and incorporates students from 6 to 15 years of age.
It is structured in three sequential cycles, being the first cycle of four years ( The objective of the present work is to give some projections of the impact of population ageing in the student population in Portugal, according to the structure described above for the next years. The tool used is a version of the model developed in [1] and the main data were collected from the publications of governmental organisms ([2] [4] [5] [6] ). We make simulations based on historical data and the projection for the next years.
In Section 2 we present the model used to project the variation of student population. In Section 3, first we make simulations of the model using the historical data, then we describe the evolution of students in primary education [7] ). In Section 4 we show the implications of the population ageing both in the historical data and projections ( [6] ). We used Matlab for the simulations and for the projections we used Excel to show the numerical results together with the graphics.
The Model
We use a simplified version of the model developed in [1] . Such model considers two dynamics, one for the movement of students in a study cycle and another for the transfers between schools. Here we need to consider only the first dynamics, considering that a student change to another school is not relevant in this study. The population of students is represented by a vector of size
where each element
x t is the student population in the 1, , i s = year of the study cycle.
The change of the student population, that is the dynamics, is considered in two stages, first we divide the student population of a cycle in approved and flunked. This is represented by two vectors:
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in which the components ( ) ( ) ( ) We join these two stages and we obtain the equation for the student population in the year
In order to make simulations of the model we need an algorithm to implement in a computer program. An appropriated algorithm is to compute the student population of a year 1 t + in terms of the population of the year t.
For this we consider the following matrices:
having for each year of the study cycle the estimated rates, respectively, of approved students and of students who leave the school, in the year t, and the matrix ( ) 
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The implementation of the model is done by the next algorithm, which gives us projections for a period of n years, starting in the year t.
Algorithm: Given n, let ( ) ( )
, for some academic year t, then for
where m T , m E , m D and m S are diagonal matrices, whose elements are the means of students who are approved, join the school, finish their studies and leave the school, respectively, for each academic year during the period.
Evolution of the Student Population
The historical data used in this section have, as the main source, the data base of We have observed that for each academic year, at the end of the last year of a cycle, the students approved go to the first year of the next cycle, which will be considered the entries in the next cycle. Besides that, for every study cycle and based on the historical data presented, it was possible to build a group of projections in various scenarios, for a period of 6 academic years: from 2015/2016 to 2020/2021.
Next we describe the methodology used to construct the four projection scenarios:
-Scenario 1 (green) refers to the projections presented by DGEE in [4] , based on the projection model described in [3] , having as assumptions the gradual implementation of compulsory schooling, the demographic constraints, the rate of approved and flunked students in different school years. These assumptions are supported by census data and also, in more recent data, of age distribution in each school year, for each training offer. 
Cycle 1-1 st to 4 th Grade
On the first curricular year of the first cycle the retention rate is 0%, which means that all students are approved and go to the 2 nd year of the next academic Table 1 shows the total numbers for Cycle 1 presented in the projections of The green scenario is the worst case with fewer 53,319 students in the end of the period, the blue is the best with fewer 15,183 students, the pink and red show fewer 30,418 and 45,639 fewer students, respectively. For the 2 nd cycle of basic school it can also be predicted a generalized decrease in the number of students, although not as sharp as in the 1 st cycle. Table 2 shows the total figures for Cycle 2, presented in the projections of The red scenario is the worst case with fewer 22,107 students in the end of the period; the blue is the best with fewer 9053 students; the green and pink show fewer 16,551 and 16,119 students, respectively. The number of students that go the next year and the number of repeaters follow the same tendency. These results are mainly due to the extension of compulsory education. Figure 6 shows the four scenarios of projections for the 3 rd cycle of basic school (7 th , 8 th and 9 th years).
Cycle 2-5 th to 6 th Grade

Cycle 3-7 th to 9 th Grade
The projections for the 3 rd cycle follow the tendency of previous cycles. Table 3 shows the total numbers for the 3 rd cycle presented in the projections of Figure 6 . The blue and pink scenarios are the worst cases with fewer 43,107 and 40,066 students, respectively, in the end of the period. The best is the green one, with fewer 23,476 students, the red scenario shows fewer 39,100 students. Figure 7 shows the evolution for secondary school from 1995/96 to 2014/15.
Cycle 4-10 th to 12 th Grade
Regarding the number of students enrolled, it can be noted that until 2008/09 there was a sharp decrease, and from then on, the numbers were relatively stabilized. The red and pink scenarios are the worst cases with fewer 24,875 and 24,589 students, respectively, in the end of the period. The green is the best with fewer 
The Impact of Population Ageing
We consider here the relationship of the ageing and the decrease in the number of students, although it is expected that this is directly proportional, other factors as the economic situation of the country also have a strong contribution to such decrease.
The statistical data presented in this section, about the annual estimates on the resident population and their projections, were obtained from the National Institute of Statistics (INE) [6] . In the period 2008-2015 the data about the resident population are historical and, in the period 2016-2021 they are projections done by (INE) [6] . INE presents three projection scenarios of the population: high, central and low. We have opted to present only the central scenario.
Regarding the students data, they are the ones from the previous section. Until the school year of 2014/15 they are real data and, from 2015/16 to 2020/21 they are projections. Figure 9 shows the evolution of the older population in Portugal considering the ranges of the ages 65 -69, 70 -74, 75 -79 and 80 -84 years [6] . According the projections for the next years the older population will continue to grow. This has combined factors: the decrease of natality rate and the increase of life expectancy.
Evolution of Resident Population
In Figure 10 is presented the evolution for young populations (children and teenagers), 5 -9, 10 -14, and 15 -19 years [6] . It can be observed that the contention is greater in the younger classes. 
Comparison of the Student and Resident Populations
Now we will make the comparisons between the numbers of enrolled students, studied in Section 3, and the numbers of resident population, studied above in this section.
For the enrolled student population we will consider only the green and blue scenarios according to Section 3, the respective data are summarized next. The two scenarios project a decrease in the student population until 2021.
This can be seen in details in Table 5 .
The drop in these numbers is consequence of demographic decrease in view of the ageing population as we will observe next.
The first comparison is between the student population and the total resident population. This is done in Figure 14 and Figure 15 , which show the ratio between the number of students and to the total population in the period 2008-2014 according to [2] and [6] , and for 2015/16-2020/21 according to green and blue scenarios.
We observe that in 2008 the total number of enrolled students was 11.77% of the resident population, in 2014 was 11.22% and the projection for 2021 is 10.04% for the green scenario and 10.28% for the blue one.
For the number of students in the 2 nd and 4 th cycles the percent ratio are practically constant in all the period with the value of 2% for the both scenarios, green and blue.
The situation is quite different for the 1 st cycle, in 2008 was 4.43%, in 2014 was 3.84% and the projection for 2021 is 3.26% by the green scenario and 3.69% by It is very interesting to observe that the cycles behavior can indicate a kind of wave evolution. Probably more studies are necessary to corroborate this.
The usual age for the students of elementary and secondary studies in Portugal is between 6 and 17, so we consider this range in the next comparison.
In Figure 16 we have the ratio between the number of students and the population with age 6 -17 considering the historical data (until 2014) and the projections according to the blue scenario (the estimates for the green are very close). We observe a small decrease in the enrollment rate over all the range. We observe that the enrollment does not depend on the age structure of the population. We consider that this small decrease is due to the economic situation of the country.
Conclusions
According to the projections, the greatest drop in the number of enrolled students in continental Portugal in the next years will occur in basic schooling, whose main impacts are already felt on the 1 st , 2 nd and 3 rd cycles of studies. Despite the recent extension of compulsory studies to 18 years of age, secondary schooling also reveals a tendency of decrease in the number of students from 2017/18 on. Although the number of students enrolled in scientific and humanistic courses aiming higher education has increased in the last years, the total number of students in professional courses has decreased.
The main reason for this drop is the population ageing, which is directly related to the decrease in birth rates.
The projections presented in this article are an important working tool to educational, social and economic plans for the next years, especially in what concerns to implement measures in education, to increase the birth rate, to settle resident population and to develop repopulation policies, among others.
